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Abstract 
Cala Rodriguez, F. and H. Wallin, Pad&type approximants and a summability theorem by Eiermann, Journal 
of Computational and Applied Mathematics 39 (1992) 15-21. 
Eiermann (this journal, 1984) has extended a summability theorem by Okada and applied it to Pad&type 
approximants. The purpose of this note is to give a new, simple proof of Eiermann’s theorem. Our proof is 
based on an integral representation of the approximation error and makes it easier to understand Eiermann’s 
theorem. 
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0. Introduction 
Okada’s theorem describes a domain into which a power series can be analytically continued 
by a certain summability method, if such a domain is known for the geometric series; see [1,2] 
for a generalized form of the theorem. Eiermann [l] has extended the theorem to more general 
methods and applied it to the curse when the summability method is given by the so-called 
Pad&type approximants of the given power series. These are rational functions where rhe 
denominator is preassigned in the sense that it is chosen in advance, and the numerator is 
determined so that the power series of the rational function coincides with the given power 
series with as many terms as possible starting from the beginning of the series; see Section 1 for 
the more formal definition. 
In this note we give a simple, alternative method to prove Eiermann’s results. We concen- 
trate on the case given by the Pad&type approximants (Theorem 2), which seems to be the 
most interesting case. We give a direct, self-contained proof based on an inversion which 
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ch~rrg~z Lerpolation at zero tr interpolation at infinity as described in Section I. However, the 
method works in a straightforward way for the general summability method by Eiermann (see 
Remark (d) in Section 2). In our proof of Theorem 2 we use a representation formula for the 
error in Pad&type approximation (Theorem 1). Starting from this formula it is easy to 
understand what is going on in Eiermann’s theorem (Theorem 2), and it is also easy to give 
alternative convergence results (see Section 3). 
For further convergence results on Pad&type approximants we refer to [1,3,4], and to the 
references in thess three papers. 
1. The integral representation 
Let f be analytic in a domain D in the complex plane C such that D contains the origin. For 
each positive integer n, let Binr 1 < j < n, be given complex numbers and Introduce 
n 
Q,(z) := n (1 -ZPin). (1) 
j=1- - 
We now choose the unique polynomial P,, _ 1 in one complex variable of degree at most n - 1 
such that 
(fQn-P,-l)(z)=O(zn), as z-,0, (2) 
in the sense that the Taylor expansion around zero of the left-hand side starts with a term of 
degree n or higher. Of course, P, _ , is the Taylor polynomial of fQ,. By defintion Pn _ l/Q, is 
the (n - 1, n) Pad&type approximant of f with preassigned poles at the zeros of Q,. 
In order to transform (2) into an expansion around infinity we introduce three functions 
f(z,:=’ A 
f( I z z’ 
Fn_*(z) :=zn-lPn_l , em 
and a domain in the extended complex plane c defined by 
Then D 
and 
- 
1 
D-1 := -&:zED . 
Z 1 
* contains 00 but not 0, f- is analytic in D - ‘, and f;(m) = 0. From (1) and (2) we get 
GUI= fI(zmPjn) (3) 
j=l 
(fin-P,_,)(z)=O(z-‘), as z--m (4) 
Our proof of Eiermann’s theorem on Pad&type approxlmants will be a straightforward 
consequence of the following error formula. 
Theorem 1. Let f be analytic in a domain D c C containing 0, let @$, 1 <j G It, n > 1, be given 
complex numbers, and let z E D \ ( P,;; ‘1. Let r be a contour in D consisting of finitely many 
piecewise continuously differentiable closed curves with index 
ind,(a) = 
1, ifa E I?\D-‘, 
0, ifa=z-’ and z#O. 
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Finally, let P, _ ,/Q,, be the (n - 1, n) Pad&type approximant off with preassigned poles at the 
zeros of Q,, where Q,, is given by (1). Then 
(5) 
For example, if D is the inside of a circle with center at zero and radius r > 0, then D-l is 
the outside of the circle with center at zero and radius l/r, and I’ may be chosen as a circle 
around zero with radius larger than l/r and less than l/ 1 z 1 if z # 0. 
Proof. We notice that 
Q,(t) z”&,(t) 
Q,(z-‘) = Q,(z) ’ 
and by checking with (l!-(3) we see that (5) is true fo* z = 0, so we assume z # 0. We introduce 
w := l/z and a large, positively oriented circle r0 around 0 containing w and @ \D- * in its 
interior. The assumption on f and r, and Cauchy’s integral theorem, give 
(f-ion -L)w (f&L)(w)= &j-_ t w dt. - 
0 
(6) 
By letting the radius of I-‘0 tend to infinity and using (4) we see that the integration over To is 
zero. Cauchy’s theorem then shows that the integration_ov_er r of the term in (6) containing 
en _ 1( t) is also zero. By going from w to l/z and from f 9 P, _ 1 and Q, to f, P,, _ , and Q, we 
then obtain (5) from (6), and the proof is complete. 0 
2. Eiermann’s theorem on Pad&type approximants 
We now formulate Eiermann’s theorem [l, Theorem 41 in the form in which he proves it. 
Theorem 2. (Eiermann [ 11). Let f be analytic-in a domain D c @ containing 0. Let pin, 1 < j < n, 
n > 1, be given complex numbers such that Q, given by (3) satisfies 
lim Q,(t) 
n+m Q,(z-‘) = 
o 
(7) 
uniformly for ( t, z) belonging to compact subsets of an open set A c C 2 containing the Cartesian 
product C x (0). Let Pn_,/Q, be the (n - 1, n) Pad&type approximant off with preassigned 
poles at the zeros of Q,, where Q, is given by (1). Then 
e-l&) 
;9m Q,(z) =f(z) 
uniformly on compact subsets of 
A := {z E @: (t-l, z)EA,V@\D}. 
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hf. We start by observing that the set A introduced by (8) satisfies A CD because if there 
exists a point z0 EA n (C\D), then (z;‘, t,,) E A by the definition of A, and this contradicts 
(7). Take a point z, E A, and introduce the set 
K:= t\D-l, 
which is a compact set in Q= containing 0. Since 5 E: D is equivalent to [- ’ E D- ‘, we see that 
6 E t\D if and only if 5-l E fl?\D-’ = K. This means that (e-l, t,) E A if 5_’ E K, i.e., 
Kx(z,)cA. 
But K x {zO) is compact in Q=’ since K is compact in Q=. Since A is open in 4Z2, there exists an 
open set 0 in C containing K and a nondegenerated, closed disk A around z, so that 
(0xA)cA. (9) 
We choose 0 a!d A so small that A c D and A- * c <(I? \ 0); the last condition is possible 
because D- * =C\K isopenand r,‘~D-l since z,EAcD. 
ow we choose a contour r in 01 K consisting of finitely many piecewise continuously 
differentiable closed curves satisfying 
ind,(aj = 
11, Cor;rEK, 
\ 0, for a E C\O, 
see, for instance, 16, 913.51 for the construction of such a contour. By (91, r X A is a coAmpact 
subset of A. We want to use Theorem 1 with this contour r and z E A c D. Since A - ’ c (C \O), 
r satisfies the Imdex condition of Theorem 1 for z E A. Furthemore, since (r X A) c A, we see 
from (7) that Q,J z-l) f 0, i.e., z f 6,; 1 when z E A and n is large. We can, consequently, use 
(5) in Theorem 1 combined with (7) and the fact that r x A is a compact subset of A to 
conclude that f - P,_ l/Q, converges uniformly to zero on A. This proves the theorem. 0 
Remarks. (a) Since 6 E t\D if and only if 5-l E (l?\D-* = K, (8) means that 
A=(zEC: Kx(z)cA!. 
This expression for A, combined with Theorem 1, explains Theorem 2. 
(b) From (a) and (9) we conclude that A is open, a fact which was proved also by Eiermann 
[l, Lemma 111. 
(c) The assumption a3 x (0) c A guarantees that 0 E A. 
(d) Eiermann gives one more convergence theorem [l, Theorem 31. That theorem can also 
be proved by our method. In fact, if D, f and r are as in Theorem 1, with z E D, we get, with 
the notation used in [l, Section 21, 
-P,(t, z)’ dt. 
J 
The proof is similar to the proof of Theorem 1 and then [l, Theorem 31 is obtained as Theorem 
2 above. 
3. Some further convergence results 
From the integral representation of the error in Theorem 1 and the proof of Theorem 2 it is 
easy to state and prove alternative convergence results. We give three such results in the 
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propositions in this section wh_ere we again assume that f is analytic in a domain D, 0 E D c @, 
that pi,! E C, that Q,(Z) and Q,(z) are as before, and that F:,_ ,/‘Qn is the (il - 1, n) Pad&type 
appreximant of f with preassigned poles at the zeros of Q,. We also keep the notation 
K= @\D-‘. 
Proposition 3. Assume that, for some open boun&d neighbourhood 0 of K and some compact 
subset F of D, 
where D denotes the closure of 0. Then, uniformly on F, 
Proof. The set F-l = {z- * E & z E F} is closed in C and by (10) it has a positive distance to 8 
Consequently, It is possible to find r c (0 \K) satisfying the conditions of Theorem 1 for all 
z E F, and the proposition is proved. q 
In the same way the next proposition is proved. 
Proposition 4. Assume that with 0 and F as in Proposition 3, 
Then 
Example 5. If pin are independent of n and converge, i.e., pin = pi + P E C, then it is easy to 
check that 
if z is different from p,:’ and p-‘. When 0 shrinks to K, the right-hand side becomes 
maxl,,It--PI maxf,C,D15-‘-PI 
= I z-l _._ p I Iz-‘-PI ’ 
which gives the right value of r in (12) with F = {z}. In particular, the Pad&type approximants 
converge to f at z if 2-r lies outside the circle with center p and radius 
max I[-‘-PI. 
&&\D 
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This is an example from Eiermann’s paper [l]. Also his other examples can be treated with 
Proposition 4. 
Example 6. The discussion in this section is mainly in the spirit of [7, Chapter VIII]. In 
particular, as has been remarked by J. Siciak, we may also treat the case when the points pin, 
I <j < n, as n tends to infinity, are distributed as the equilibrium distribution of K := Q= \D-‘; 
this occurs for instance when pin, 1 <j < n, is a system of Fekete points of K (see [7]). In this 
case, if D c Q= is bounded, contains zero and is regular with respect to Dirichlet’s problem, then 
for every compact set F c D there exists r, 0 < r < 1, so that (12) holds for every analytic 
function f in D. For the proof we can use Proposition 4 combined with the argument in the 
proof of [4, Theorem 2.25. 
The assumption on the maximum in (10) and (11) can be replaced by a pointwise condition if 
we add a suitable uniform boundedness condition. We illustrate this below for Proposition 4 
with the pointwise condition (13) and the uniform boundedness condition (14). 
Proposition 7. Assume that for some compact set F c D there exists an open set A c (I22 such that 
KxFcA and 
l’;Jtp 
Q,(t) ‘lb I i Q,( z- 1) <r< 1, for (t, z)EA. (13) 
Furthermore, assume that for euery compact subset A, of A there exists a constant M( A,) so that, 
for all n, 
al(t) I’* I I f&-‘1 df(A,), for (t, z)EA,. (14) 
Then (12) in Proposition 4 holds. 
Proof. The function 
(t, z) * Qn(t) znalw 
&z-l) = Q,(z) 
is analytic in c X (c \ {pi;; ‘)i”= 1)which means that 
(h z) * QQf{) I I- I 
l/n 
nz 
is subharmonic in the same domain (see for instance [5, p. 751). An application of Hartogs’ 
lemma [5, p. 781 gives (11) for a suitable 0, and, consequently, we obtain (12). q 
Remarks. (a) As an example, (14) is satisfied under the assumption (7). 
(b) Eiermann states [1, Corollary 51, without proof, a convergence result with a pointwise 
condition of type (13) but it is not clear that he assumes any boundedness of type (14). 
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